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1 Introduction
Suppose that we have a set of observations {z;} and a vector function g(z; 9)
which satisfies the moment condition

Elg(z;00)] =0

at the true value 8. Two major methods to estimate the above model are gener-
alized method of moments (GMM) and generalized empirical likelihood (GEL).
Ever since first introduced by Hansen (1982), GMM has been widely applied to
analyze economic and financial data. See standard textbooks such as Hamilton
(1994) and Hayashi (2000) for basics of GMM, and further, Hall (1999) for
hypothesis testing. Owen (1988) proposed the empirical likelihood (EL) esti-
mator, which is known to have better small sample properties than GMM. See
Qin and lawless (1994) and Owen (2001) for theory and practice of EL. Later
GEL, which includes EL as a special case, was presented by Newey and Smith
(2004).

The purpose of this paper is to analyze the asymptotic power properties of
hypothesis tests using GMM and GEL estimators. The approach we employ
here is to investigate the asymptotic distributions of the test statistics when local
alternatives exist as in Holly (1982), Newey (1985a, 1985b), and Newey and
West (1988).
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Section 2 provides the basic theorems necessary to construct and analyze
GMM and GEL hypothesis tests, which include weak law for triangular ar-
ray, uniform weak law of large numbers, consistency of M-estimators, the
Lindeberg-Feller central limit theorem, and the Fisher-Cochran theorem.

Section 3 analyzes hypothesis testing with GMM estimators. Consistency
and asymptotic normality of GMM estimators under the local alternatives are
shown in a rigorous manner. Then asymptotic properties of GMM hypothesis
tests are examined. Hypothesis testing about subsets of moment conditions is
also considered.

Section 4 presents hypothesis testing with GEL estimators. We show consis-
tency and asymptotic normality of GEL estimators under the local alternatives
in a rigorous manner. Finally, asymptotic properties of GEL hypothesis tests
are investigated.

2 Preliminaries
This section provides some basic theorems necessary to investigate the
asymptotic properties of GMM and GEL hypothesis testing.

2.1 Weak law of large numbers for triangular array

Consider the sequence X1, ... , X, of random variables, where the proba-
bility space for the sequence may change with n. Such a collection is called a
triangular array. In most cases we assume that for eachn X1, ... , X, are in-
dependent. Theorem 1 and Lemma 1 correspond to Theorem 2.2.6 and Lemma
2.2.8 of Durrett (2010), respectively.

Theorem 1 For each n let Xy, 1 < k < n, be independent. Let b, > 0 with
by — oo, and let X = Xk 11X, | <bn)- Suppose that as n — o0
1) > i PUXuk| > by) — 0, and
(i) b, 2 Y, E[X2,]1 — 0.
Ifwelet Sy = Xu1 + -+ Xpn and put ay =Y 1_y E[Xui] then
Sn — ay
by,

)
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Proof: LetS, = X,1 + -+ + Xun. Clearly,

dl

To estimate the first term, we note that

Sn — ay Sn — an

>s)sP(Sn7éSn>+P<

P(Sy # 5p) < P(U_{ Xk # X)) < D P(1Xuk| > by) = 0
k=1

n n

by (i). For the second term, we note that Chebyshev’s inequality, a, = E[S,],
and var(X) < E[X?] imply

- 2
P ( > 8> < ¢ 2E |:<S"b_ a") :| = sfzb;zvar(gn)
n

= (eb) 2 Y var(Xom) < (eby) > ) E[X3] — 0
k=1 k=1

Sn — ay

n

by (ii), and the proof is complete. 1

Lemmal IfY > 0and p > 0 then
o
E[Y"] = / py? ' P(Y > y)dy.
0

Proof: Using the definition of expected value, Fubini’s theorem (for nonnega-
tive random variables), and then calculating the resulting integrals gives

oo o0
f py?'P(Y > y)dy=/ /py”‘11<Y>y)dey
0 0 Q

o 1
=// Py’ vy y)dydP
QJO

Y
QJO Q
|

which is the desired result.

Theorem 1 combined with Lemma 1 yields Theorem 2, which plays an im-
portant role for weak law of large numbers under the local alternatives.
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Theorem 2 For each n let Z,;, 1 < k < n, be independent and distributed
according to a common probability density function f,(z) with respect to a o -
finite measure 1 on RP. Let X = g(Znk), where g is a measurable function
on RP. It is assumed that there exists a measurable function a(z) such that for
almost all z, f,(z) < a(z) for all n with f |g(2)|la(z)du(z) < co. Then

1 n
- > Xuk — E[Xm] 5 0.
k=1

Proof: We have yP(|X,| > y) — 0as y — oo. This follows from

YP(Xa1] > y) < / 8@ (eo o o Q)AI()

5/Ig(z)l1(|g(z>|>y>a(Z)dM(z)

with dominated convergence theorem. Hence,

n
ZP(|Xnk| >n) =nP(|Xu|>n) — 0 as n — oo,

i=1

which satisfies (i) of Theorem 1. To check (ii) let X1 = X1 1(x,,1<n)- Then

o0 n
E[R2,] :/0 2y P(1 %] >y>dys/0 29 P( X > y)dy

by Lemma 1. Let 2(y) = 2y P(|X,1| > y), then 0 < h(y) <2y and h(y) — O
as y — 00, so we must have M = suph(y) < oo. Let h,(y) = h(ny), then
h,(y) = 0asn — oo for almost all y. Hence, we have

n 1
l/ h(y)dy = / hy,(x)dx — 0
nJo 0

by dominated convergence theorem. We also have
|E[Xn] — E[Xull = |/g(Z)1(|g(z>|>n)ﬁz(z)du(z)|

< / lg (@1 (gz)>ma(z)du(z) — 0 as n — oo,

which completes the proof. 1



Hypothesis testing with GMM and GEL estimators

2.2 Uniform weak law of large numbers

This subsection considers uniform weak law of large numbers for triangular
array, generalizing the discussions given by van de Geer (2000) for i.i.d. data.
Foreachn let X,1, ..., X,, be independent copies of a random variable X,, in
a measurable space (X, 4A) with distribution P, and let § = {g} be a class of
functions on X. We say that (§, P™) satisfies the uniform weak law of large
numbers, if

—>0

Zg(xm) — E[g(Xn)]

sup |—
geg |

or equivalently for any & > 0

sup [—
geg |

<¢e wpal,

Zg(xm> — E[g(X,)]

where w.p.a.1 is an abbreviation for “with probability approaching one.” Note
that we say (g, P(")) satisfies the weak law of large numbers, if

n

1
=D &(Xu) — Elg(Xn)]

i=1

£o.

Let P, be the empirical distribution based on X1, ..., X,,. Then we may
use the notation

1 n
+ Y0t = [ ear,
n i=1

The difference between average and expectation is

1 n
=D 8(Xu) — Elg(Xa)] = /gd(Pn - PW).
i=1
In the new formulation, we say that (%, P(”)) satisfies the uniform weak law of
large numbers if

/ gd(Py — P™)

sup
8<%

<e& wpa.l

for any ¢ > 0.
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Let O be a measure on (X, A) and L(Q) = {g : X — R : f lgldQ < o0}.
For g € L(Q), write

lgllo Z/IgldQ-

We refer to || - ||¢ as the L(Q)-norm, and call [|g1 — g2|lo the L(Q)-distance
between g1 and g>.

Let Np(8, $, Q) be the smallest value of N for which there exist pairs of
functions {[gjL, g]L./]}j:1 such that ||g§] — g; lo <éforall j=1,...,N,and
such that for each g € §, thereisa j = j(g) € {1, ..., N} such that

g <g=<gj.

Then Hp(5, 4, Q) = log Np(8, %, Q) is called the §-entropy with bracketing
of §.

Theorem 3 Suppose that (g, P™) satisfies the weak law of large numbers for
each g € G, and there exists a measure Q such that sup,, P(")(A) < Q(A) for
all A € A and

Hgp(8,4, Q) <oo forall § > 0.

Then (., P™) satisfies the uniform weak law of large numbers.

Proof: Leté > 0 be arbitrary, {[gjL, gy]}ﬁ.v:l be a §-bracketing set for G, i.e.,
||g§j — gfllQ <4,j=1,...,N,and each g € § can be squeezed between a
pair [g;, gj.]]. Then

/gd(Pn — Py = /gdp,, —/gdP(”)
< /gﬁ’dPn —/gdP‘”)

=/¢Mmr4mh+/@f—mwm>

S/ﬁﬂ&—ﬂ%+&
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Similarly,
/ gd(P, — P™) > / gjd(P, — P") — / (¢ —gp)dp™

> /g}d(Pn — Py

Since {[g% 7.8 ]}N | is finite, we have that eventually
U _ pm
j:nll’allfin /gj d(P, — P")| <4 wpa.l,

as well as

rnax '/ Lap, — PMy| <8 wpal.
So eventually,

sup /gd(Pn — PM)| <25 wp.a.l.

g€g

This completes the proof. 1
Let
G ={g0:0 €0},

where (®, 7) is a compact metric space, and where the map 6 +— gp(x) is
continuous for Q-almost all x. Moreover, we assume that the envelope

G = sup [gg|
0e®

isin L(Q).

Theorem 4 For the class § = {gp : 6 € ®} defined above, we have
Hgp(8,4,0) <oo, foralls > 0.

Proof: Write

w(®, p)(x) = sup [go(x) —gz(x)|, €O, p>0.
t(9,5)<p

Then w(@, p)(x) — 0 as p — 0, for Q-almost all x, since gy is uniformly
continuous on ®. By dominated convergence,

lim f w(@, p)(x)dQ = 0.
p—0

— 81 —
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Let § > 0 be arbitrary. We can take, for each 6, py in such a way that

/W(G, po)(x)dQ < 8.

Let By = {5 : t(é, 0) < po} and let By,, ..., By, be a finite cover of ©.
This is possible since ® is compact. Define gjL = go;, — w(Y, pp;), and gj.] =
8o; + w(Oj,pgj), j=1,...,N. Then 0 < f(gg.] — g;)dQ < 26 and for
0 € Bej, gf < gp < gf»]. It follows that

Hp(25, G, Q) <logN,

and the proof is complete. 1

2.3 Consistency of M-Estimators
The following theorem corresponds to Theorem 5.7 of van der Vaart (1998).

Theorem 5 Let M,, be random functions and let M be a fixed function of 0
such that for every ¢ > 0

sup | M, (6) — M(©)| 5 0, 2.1)
He®
and
sup  M(@O) < M(6p). 2.2)
0:d(0,00)>¢

Then any sequence of estimators én with M, (é,,) > M, (6p) — op(1) converges
in probability to 6.

Proof: By the property of 6,,, we have
My (9n) = My (80) — 0,(1).

Because the uniform convergence of M, to M implies the convergence of
M,, (6p) LS M (6p), the right side equals M (6y) — 0, (1). It follows that

My (Bn) = M(80) — 0p(1),
whence
M(60) — M) < My(0) — M(B,) + 0p(1)
< sup |M, — M|(6) +0,(1) 5 0,

_ 8 —
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by equation (2.1). By equation (2.2), there exists for every ¢ > 0 a number
n > 0 such that M(0) < M(6p) — n for every 0 with d(6, 6y) > ¢. Thus, the
event {d (én, 6p) > e} is contained in the event {M (én) < M(6y) — n}. The
probability of the latter event converges to 0, in view of the preceding display,
which is the desired result. |

2.4 Lindeberg-Feller Central Limit Theorem
Consider the triangular array X1, ..., X, of random variables. Put S, =
Xn1 + -+ Xun. Suppose that

n
E[Xu] =0, o =EXpl.  sp=) o4 (2.3)
k=1
The following assumption is called the Lindeberg condition.

Assumption 1

n
1 / )
lim E — X2 4P =0
n_>ook=l S’% [ Xk |>€8n nk
for any & > 0.

The next theorem is the well-known Lindeberg-Feller theorem.

Theorem 6 Suppose that for each n the sequence X1, ... , X, is independent
and satisfies conditions (2.3). If Assumption 1 is satisfied, then

S
2 4N, 1.

Sn

Proof: See Billingsley (1986), p. 369. 1

2.5 Fisher-Cochran Theorem

The following theorem is part of the Fisher-Cochran theorem. See Rao
(1973), p. 185 for the whole theorem. Let Xz(r, v) denote a noncentral chi-
square distribution with r degrees of freedom and a noncentrality parameter
V.
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Theorem 7 Lety ~ N(u, I,,) and A be an n x n-symmetric idempotent matrix
of rank k, then

0 =y Ay~ x>k, /' Ap).

Proof: Since A is symmetric and idempotent, there exists an orthogonal matrix
P such that PAP’ = D, where

p=|( T %)
0 0

Var[x] = PAA'P' = PAP' = D,

Letx = PAy. Then

and

bP,u
Elx]=PAu=DPu = 0 ,

where D is a k xn matrix such that D = (Ix 0). Let£ = Dx. Thenx’ = (&' 0/)/
and

£~ NDPuw, I).
Hence,
y'Ay =y A'P'PAy = x'x =%'% ~ x2(k, §),
where
8= (DPW'DPu=u'P'DPu = p'Ap,

and the proof is complete. 1

3 Hypothesis testing with GMM estimators

Let F(z; 0, n) be a p-variate probability distribution having a density func-
tion f(z; 6, n) with respect to a o-finite measure © on R”, where 0 is a g-
dimensional Euclidean parameter of primary interest and 7 is a nuisance pa-
rameter which is finite or infinite dimensional. Let g(z; 6) be an r-vector of

84 —
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functions with r > ¢. The model we consider is f(z; 6, n) which satisfies the
moment condition

Ep ylg(z; 0)] =/g(z;0)f(z;0,n)du(z) = 0. (3.1)

Let 2 = E[gg'l and G = E[dg(z; 00)/90], where g = g(z; 6p) and E[ -]
indicates Eg, ,,[-]. We call g(z; 6) the moment function. Suppose that the
parameter 0 of g(z; 0) is divided into a gj-vector 8 and a gp-vector y, i.e.,
6 = (B.y). Letby = (B). ¥, and 6, = (B,.y,) . Consider the pair
(g(z;0), f(z;0,n)) that satisfies equation (3.1). The observed data z; (i =
1,...,n) consists of p-random vectors which are independently distributed
with a common probability density function f(z; 6,, o) with 6, — 6y. Note
that an extra n subscript on z; has been suppressed for notational convenience.
In the present section, we will consider a null hypothesis of the form

Hy : vn = y0.

To measure the power of the test, we introduce the following local alternatives
of the form

Hi:yn=y0+8/vn,

where 8§ € R?%2. Let g(0) = n~! ?:1 g(z;; ). The constrained GMM estima-
tor is defined by

OGpm = arg min 80)27'4(0) subjectto y = yo, (3.2)
(Sl

where £2 is some preliminary estimator satisfying 2 2 £2, and is assumed
to be symmetric and positive definite without loss of generality. On the other
hand, the unconstrained GMM estimator is given by

Ogmm = argmin 2(6)'27'8(6). (3.3)
0e®

In what follows, let g(z;0) = g(z;B,y) and f(z;0,n) = f(zB,v,n)
by abuse of notation. We call a model “restricted” if it has g(z; B, o),
while “unrestricted” if it has g(z; B8, y) for the moment condition. Estima-
tors Ogyvm and éGMM correspond to the GMM estimators for the restricted
and unrestricted models, respectively. Let H = E[dg(z; Bo, y0)/9B] and
K = E[0g(z; Po, y0)/dy]. Then G = (H, K).
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3.1 Consistency of estimators under local alternatives
The next assumption guarantees the consistency of the GMM estimator under
the local alternatives.

Assumption 2 (a) 6y € © is the unique solution to E[g(z;0)] = 0; (b) ©
is compact; (c) g(z; 0) and f(z; 0, no) are continuous at each 6 € O for al-
most all z; (d) There exist measurable functions b1(z) and ba(z) such that for
almost all z, ||g(z; 0)|| < bi1(z) and f(z;60,n0) < ba(z) for all 6 € © with
fbl(z)bz(z)du(z) < 00; (e) §2 is nonsingular.

Let go(f) = E[g(z; )] and let E,[ -] indicate Eg, »,[-]. Let gj (z; 0) and
&7 () denote the j-th elements of g(z; 8) and g(0), respectively, and gé ) =
E[g’(z; 0)].

Lemma 2 [If Assumption 2 is satisfied, then under the local alternatives

sup [12(6) — go(®)|| > 0.
0e®

Proof: By Theorem 2 with (d) of Assumption 2, we have
18/(6) — Ealg’ (z: )1 > 0,
for each . Dominated convergence with (c) and (d) gives
|Enlg’ (z: )] — g (0)] — 0.
Thus, we have
187(0) — g) )] = 0,

for each 6. Proceed by verifying the hypotheses of Theorems 3 and 4.
Let P™(A) = [, f(z;6p. n0)dp(z) and Q(A) = [, ba(z)du(z) for each
measurable set A € RP. Then (d) gives sup, P™(A) < Q(A) for all
A. Conditions of Theorem 4 follow by (b), (c), and (d). Hence, we have
SUPgco 187 (©0) — gé(9)| 2 0 for all J», and clearly,

sup [18(0) — go(®) ]| > 0.

0e®
This completes the proof. 1
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Theorem 8 [f Assumption 2 is satisfied, then under the local alternatives
éGMM _p) 9() and éGMM _p) 9().

Proof: We show consistency of OGMM. Consistency of éGMM can be shown
in a similar way. To verify the conditions of Theorem 5, let M,(0) =
—3(0)27'8(9) and let M(6) = —go(6) 22 go(0). By (c) and (d) of As-
sumption 2 with dominated convergence go(6) is continuous, and M (6) is con-
tinuous, too. By (a) and (e) 6y is the unique solution to M (6) = 0, which is the
maximum of M (0) for & € ®. Since the subset {0 : d(6,00) > ¢€,0 € O} is
compact, we have
sup  M(0) < M(0p),
0:d(0,00)>¢

which is condition (2.2). By (b) go(6) is bounded on ®, and by the triangle and
Cauchy-Schwarz inequalities,

| M (0) — M(0)]
< 1[2(0) — go@1 27" [8(8) — go(@)]] + 2Ig0(®) 27 [8(6) — go(®)]]
+1g0(0) (27" — 271 go(0)]
< 1120) — 0@ 12127 1| + 2llg0@) [118(0) — go@)[11127 1|
+llgo@ 127" — 271,

so that supycg |M,, (0) — M (0)] LS 0, and (2.1) holds. Obviously, M, Bomm) >
M,,(6p). The conclusion follows. 1

3.2 Asymptotic normality of estimators under local alternatives
The following assumption combined with Assumption 2 guarantees the
asymptotic normality of the GMM estimator under the local alternatives.

Assumption 3 (a) 6y € int(®); (b) g(z; 0) and f(z; 0, no) are continuously
differentiable in a neighborhood N of 6y for almost all z; (c) There exist mea-
surable functions bi(z) and by(z) such that for almost all z, ||g(z; 0)|> <
b1(z), 10g(z;0)/00| < bi(z), and f(z;0,n0) < ba(z) forall 6 € O with
[ b1(2)b2(2)du(z) < o0; (d) rank(G) = g.
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Lemma 3 If Assumptions 2 and 3 are satisfied, then under the local alterna-
tives

£ o.
Y Y

Proof: The result follows similarly to the proof of Lemma 2. 1

080 [3g(z;9)”

0e®

For g(z; 0,), we have expectation E,[g(z; 0,)] = 0 by (3.1) and variance
2, = Eylg(z; 0,)g(z; 6,)']. By (c¢) of Assumption 2 and (c) of Assumption 3
with dominated convergence, we have

lim 2, = 2. (3.4)
Let fgmm = (B, ) and (B, y) =n~' Y1 g(zi: B. ).

Theorem 9 If Assumptions 2 and 3 are satisfied, then under the local alterna-
tives

VB —By) =—H'Q ' HY TH' Q7' /ng(Bu, vo) + 0,(1), (3.5)
Vng@omm) = (I, — HH'Q 7 "H) "H' Q7 "W/ng(Bu, o) +0,(1), (3.6)

Vg (Bus v0) = V/ng0) — K8 + 0, (1), 3.7

S8 % N, 2), (3.8)

Vilonm — 0n) = —(G'27'6) 7 G2 ngO,) +0,(1).  (39)
Vng@onm) = {1, = G(G'27'G)T'G'27}/ng(6,) + 0, (). (3.10)
Proof: Let X,,(z) = M g(z;0,) and X,,; = X,,(z;) i = 1,...,n), where z; ~

f (364, m0) and A is a nonzero element of R". Note that X,,; has expectation
zero and variance A'§2,A, which is positive for large enough n by equation
(3.4) and (e) of Assumption 2. Note that for each n, X;;; (i = 1,...,n) are
identically distributed, so that by (c) of Assumption 3, for any ¢ > 0,

1 - / 2
| X il £ (zis Ons n0)d 12 (zi) (3.11)
”)‘/‘Q")‘; Xuil=e AT o l
1
- [ Lo meiran) Xn @12 £ @ 6. n0)d 1 (2)
n
1
= m/l(nxnzbl(z)zsznmm”"”2”1(Z)bZ(Z)d“(Z)'
n
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By (c) of Assumption 3 and equation (3.4) with dominated convergence, equa-
tion (3.11) implies that the conditions of Theorem 6 are satisfied, and

1 n d
———— > Xu = N, 1).
N 82, P
By limA'2,A = '2x, Y, Xui//i <> N(0,2'$23), and by the Cramer-
Wold device, we have

Y g )/ S NGO, 2),

i=1
which is equation (3.8). A mean value expansion gives
98(Bn. 7) 5
ay ’

where y lies on the line joining ¥, and yp (y actually differs from row to row

\/Eg(en) = \/Eé’;(ﬁnv Y0) +

of 92(By, y)/9y). By Lemma 3 with lim 8, = By and limy = yy we have
Vng6n) = V/ng(Bn. v0) + K8 +0,(1),

which is equivalent to equation (3.7). To show that equation (3.5) holds, a mean
value expansion gives

_ 92(8, _
g @) = Va8 (Ba. o) + %ﬁ(ﬁ B (3.12)

where § lies on the line joining B and S, B actually differs from row to row of
3%(B, v0)/0B), with plimB = fo because plim gvm = 0o by Theorem 8. The
first-order conditions of equation (3.2) are

[8‘@(%7(;“1“)] 27"2(0cmm) = 0. (.13)

which holds w.p.a.1 by (a) of Assumption 3 with Theorem 8. Premultiplying
the both sides of equation (3.12) by [32(0gmm)/9B1 2! yields,
98@omm) ] 419888 10) ~ -
0 _
[ 28 } Y V(B = Bn)
_ [3&0Bamm)
= ~8

] 27N /ng (B, v0),
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by equation (3.13). Then equation (3.5) follows from Lemmas 2 and 3 with
plim Ocmm = 6o, plimB = Bo, and /ng(Bn, Yo) = O,(1). Equation (3.6)
now follows from equations (3.5) and (3.12) with plim 8§(,3, 10)/9p = H.
Equations (3.9) and (3.10) can be proved similarly. 1

3.3 Hypothesis testing

Under these assumptions we construct the GMM hypothesis test in terms of
the distance metric statistic DMgmm. Let k denote the noncentrality parameter
of the noncentral chi-square distribution corresponding to the test.

Lemma 4 If Assumptions 2 and 3 are satisfied, then under the local alterna-
tives

= A _ = A d
Vi @avm — Oamm) G’ 271 G/nOomm — Bavm) > x*(q2, ©),
wherek = 8'{K'Q7 'K — K'Q 'HH'Q2'H)"'H'271K}s.

Proof: It follows from equations (3.5), (3.7), and (3.9) that

o= (57| = (77)
Y0 0
1, _ _ _ ~
= - ( gl)um ") T H' 27 /g (Ba. v0) + 0, (1)
and
- B N 1
ﬁ[eaMM— (VO =—(G'27'6)7'G'27 ' /ng(Bu. v0) + 0p(1).
Thus, we have
272G nOomm — fonm) = AL7V2/ng(Bu. vo) + 0p (1),
where
A — Q*l/zG(G/.QflG)flGlﬂfl/z _ Q—I/ZH(H/Q—IH)—IH/Q—I/Z
with A> = A and rank(A) = ¢». Further, we have
SK'Q VAR 1Pks =8'(K'Q7 'K —K'Q'HH'Q'H) 'H'Q27'K)}s.
Since 2712 /ng By, v0) > N(—2712K$, I,) by equations (3.7) and (3.8),
the result follows from Theorem 7 with the continuous-mapping theorem. 1



Hypothesis testing with GMM and GEL estimators

Theorem 10 If Assumptions 2 and 3 are satisfied, then under the local alter-
natives

DMgmMm = n {é’(@_GMM)/Q”é’(éGMM) - §(9AGMM)/5A271§(9AGMM)}
d
= % (q2. k),
wherek = 8'{K'Q7 'K — K'Q'HH'Q 'H)"'H'2-1K)}s.

Proof: A mean value expansion of the sample moments for fcvim about éGMM
gives

e L 080) - -
VngOovm) = Vng(Gamm) + W\/ﬁ(GGMM — OgMM),
where 6 lies on the line between Ocvm and éGMM. Since plim 3§(éGMM) /00 =
plim 8g(6)/30 = G, we have

38 (Ocmm)

3 Vn@cmm — bavm) + 0, (1).

Vng@omm) = vng@omm) +
Let G = 38 (Ogmm)/060. Then
DMomm = 21 (@cmm — o) G2~ /ng @amm)
+vn@omm — Bovm) G’ 271 G/n(@omm — Bovm) + 0, (1)
= Vn(Ocmm — Oamm) G’ 27 G/n(@avm — Bavm) + o0, (1),

since G/ Q2! Jng (éGMM) = 0, the first order conditions of equation (3.3). The
conclusion follows from Lemma 4. 1

(alternative proof) Combining equation (3.10) with equation (3.7) yields
VngOonm) = {1, = G(G'27'G) G2 )V/ng (Bu. vo) + 0p(1).
Then, with equation (3.6) we have
DMowm = vng(Ba, 10)' 2 2AR7 2/ (B, v0) + 0p (D).
The conclusion follows. 1

Consider the test statistic Jgyw for overidentifying restrictions, which is ex-
pressed as

Jomm = ng(Oovm)’ 27§ Oomm).

— 9] —
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The next theorem gives the asymptotic distribution of Jgym under the local
alternatives.

Theorem 11 If Assumptions 2 and 3 are satisfied, then under the local alter-
natives
A7 A 1A, d
Tomm = ng(lemm)' 278 Ocmm) = x*(r — q1. 1),

wherek =8 {K'Q7 'K — K'Q'HH'Q 'H)"'H'2-1K)}s.
Proof: By equation (3.6) we have

27 2/ng@cvm) = N27V2/ng(Ba, y0) + 0p (1),
where N = I, —Q2'V2H(H'Q2 "H) " 'H'2 /% with N2 = N and rank(N) =
r — gq1. Theorem 7 gives the desired result. 1
When r = ¢, §(@gmm) 21 8(Ogmm) is asymptotically equal to zero, or
often exactly equal to zero since the number of moments equals the number of

parameters. Thus the distance statistic DMgwmm coincides with the test statistic
Jomm for overidentifying restrictions.

Corollary 1 Suppose that r = q. If Assumptions 1 and 2 are satisfied, then
under the local alternatives

e A am d
Tomm = ng@cmm)’ 27" glamm) > x*(q2, ©),

wherek = 8'{K'Q7 'K — K'Q'HH'Q 'H)"'H'2-1K)}s.

3.4 Hypothesis testing about subsets of moment conditions
Suppose that the parameter 8 of g(z; B, y) is divided into an s;-vector gV
and an s>-vector 8P, Let

2
g(z;e>=g(z;ﬂ,y)=<gl(z’ﬂ )),

82(z; B, v)

where g1(-) is r1 x 1 with ri > s; and g2(-) is ro x 1 with r, > s5. The
condition rp > sp is essential because otherwise H is not of full rank. Let
Q11 = Elgigi], Hi = E[9g1(z; B5”)/0pV], and K1 = E[dg1(z: ) /91,
which is zero, of course.

9
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The observed data z; (i = 1,...,n) consists of p-random vectors which
are independently distributed with a common probability density function
f(z; 6, no) with 6,, — 6p. As in the preceding subsections, we will consider a
null hypothesis of the form

Ho : yn = y0,
and the local alternatives of the form
Hy :yn=yo+8/vn,
where § € R?2. Note that the moment condition

Ealg1(z; B))] = / 21(z: B f (23 60, n0)dje(z) = 0

holds under the alternatives as well as the null hypothesis. This implies that
only the subsets g2(z; B, ) of the moment conditions are contaminated.

Let §(0) = n™' 37, g(zi; 0) and §1(BD) = n™' 31, g1(zis BV). The
first GMM estimator is defined by

fanm = argmin g(0)'27'2(6) subject to y = y0,
where £2 is some preliminary estimator satisfying 22 2. Let
B =00 R x (B} x (o))
The second GMM estimator is given by
o = are min (8 21,1416,
where Qn is some preliminary estimator satisfying Q” LS 211.

Assumption 4 (a) ﬁél) € B is the unique solution to E[gi(z; B1)] = 0; (b)
§211 is nonsingular; (c) rank(Hp) = s7.

Lemma 5 If Assumptions 2, 3, and 4 are satisfied, then under the local alter-
natives E(l) LS ﬁ(l) and
GMM 0
A d
Vngi(B") = N, 211, (3.14)
B — BD) = —(H{ 2 HY T H{20 Vg1 (B + op(D), (3.15)
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Vg (B = U — Hi(H{ 27 H) 7 H{ 27 vng1(BD) + 0, (1).
(3.16)

Proof: Note that B is compact since ® is compact by (b) of Assumption 2.
It follows similarly to the proof of Theorem 8 that BS&M — ﬂ(l) Note that
/3(()1) € int(B) since Gy € int(O) by (a) of Assumption 3. Equations (3.14),
(3.15), and (3.16) follow similarly to the proof of Theorem 9. |

Eichenbaum, Hansen, and Singleton (1988) proposed the test statistic Cgymm,
which aims to detect the contamination in the subsets g2(z; 8, y) of the moment
conditions. The following theorem gives the asymptotic property of Comm
under the local alternatives, which they did not give.

Theorem 12 If Assumptions 2, 3, and 4 are satisfied, then under the local al-
ternatives

Comn = 1 {&@ca)' 2" 8@am) — &1 B 21181 B |
d
S 322 — 2,1,
wherek = 8{K'Q7 'K — K'Q'HH'Q 'H)"'H'2-1K)}s.
Proof: By equation (3.6) we have
272 /ng@amm) = N2 728 (Bu, vo) + 0,(1),
where N = I, — Q7 'V2H(H'27'H)"'H'2~ /2. Equation (3.16) yields
2 —-1/2 ~
25, P ng1 Bl = M2 /ngi(BD) + 0, (1),

where M = I,, — @' Hi(H| @) H) " H| 2
alternatives, the test statistic Cgyy has the same asymptotic distribution as

(2712 /ng B, v0)Y AL272/ng (Bu, v0)},

. Thus under the local

where
1 _ _
A=N-Q? ( (r)‘ ) 2iPme A, 02!,

Straightforward calculations show that A is idempotent with rank equal to
ra — 2. Since 2218 (B, o) > N(—2-V2KS, I,) with K, = 0, the
conclusion follows from Theorem 7. 1

94 —
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The asymptotic power of GMM hypothesis tests is determined by the non-
centrality parameter « and the degrees of freedom, since the tail probability of
a noncentral chi-square distribution is increasing in the noncentrality parameter
and decreasing in the degrees of freedom.

The ordinary test statistic Jgmm for overidentifying restrictions may work
in order to detect the contamination in the subsets g»(z; B, ) of the moment
conditions. However, the degrees of freedom of the test is » — g according
to Theorem 11, while that of Comm iS 72 — s2. Since (r — q1) — (12 — s2) =
r1 — s1 > 0, the power of Comy 1s greater.

4 Hypothesis testing with GEL estimators

Let p(v) be a function of a scalar v that is concave on its domain, an open
interval 'V containing zero, and twice continuously differentiable in a neighbor-
hood of zero. Let [\,,(G) ={r:ANg(z;0) € V,i =1,...,n}. The GEL
estimator is the solution to a saddle point problem

n
é _ . / . .
GEL = argmin sup E p(A'g(zi; 0))
reAL(B) i=1

~

Let A = argmax, i o) Yo p(V gz fcer)) and pj(v) =
d’/p(v)/ov/ (j =1,2,...). We normalize so that p;(0) = p2(0) = —1. EL is
a special case with p(v) = In(1 —v) and V = (—o0, 1). Associated with each
GEL estimator empirical probabilities are given by

Ao _ P (Vg(zi5 0cEL))
> =1 p1(Vg(z;5 6GEL))

which yield an estimate of the distribution function F as

(i=12,...,n)),

n
ﬁn(Z) = Zﬁ'i 1(z;<z)-
i=1

It can be shown that F},(z) is consistent and asymptotically normal. The proof
is omitted in this paper. See Lemma 2 of Goto (2021).

The observed data z; (i = 1,...,n) consists of p-random vectors which
are independently distributed with a common probability density function
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f(z; 6y, no) with 6,, — 6p. As in the previous section, we will consider a
null hypothesis of the form

Ho : yn = v0.
To measure the power of the test, we introduce the following local alternatives
of the form

Hy:yn = yo+8/v/n,
where § € R?2. In this section, we consider the hypothesis test using the GEL
estimators. The constrained GEL estimator is defined by

OGEL = argmin sup Zp()» g(zi; 0)) subjectto y = . “.1)
0<0 sehn®) izt

Let A = arg max; i o) Yo p(V gz 0geL)). On the other hand, the un-
constrained GEL estimator is given by

GGEL = arg min sup Z p(Mg(zi:0)).
09 rehn0) i=1
Estimators Oggy, and éGEL correspond to the GEL estimators for the restricted
and unrestricted models, respectively.

Proofs of theorems in this section are based on those in Newey and Smith
(2004) with slight modifications for non-i.i.d. data. Throughout this section, C
will denote a generic positive constant that may be different in different uses,
and CS the Cauchy-Schwarz inequality. Also, UWL will denote a uniform
weak law of large numbers, and CLT will refer to the Lindeberg-Feller central
limit theorem.

4.1 Consistency of estimators under local alternatives
Here, we show consistency of <9_GEL under the local alternatives. Consistency
of éGEL follows similarly.

Assumption 5 (a) 8y € O is the unique solution to E[g(z;0)] = 0; (b) O is
compact; (¢) g(z; 0) and f(z; 0, no) are continuous at each 0 € © for almost
all z; (d) There exist measurable functions b1(z) and b>(z) such that for almost
all z, ||g(z; NIN* < b1(z) (@ > 2) and f(z;0,n0) < ba(z) forall 6 € O with
fb](z)bz(z)du(z) < 00; (e) §2 is nonsingular.
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Let P(0,1) =n~' Y0, p(W/g(zi; 0)) and a; = supycq llg(zi; 0)].

Lemma 6 If Assumption 5 is satisfied, then for any ¢ with 1Ja < ¢ < 1/2
and A, = {\ : |IA|| < n~¢), SUPge@ . reA,. 1<i<n M g(zi; 0)] £ 0and w.p.a.l,
Ap C A,y (0) forall 6 € O.

Proof: By (d) of Assumption 5,

P (max ai > na) <nP (a?‘ > ns)

1<i<n

A

1

E / 1[a‘|">ne]a(11f(zl; On, n0)dn(z1)
1

E/1[b|(zl)>ns]bl(Zl)bZ(Zl)dﬂ(Zl) < 0.

IA

By dominated convergence, we have maxj<j<, a; = 0 p(nl/ %). Then by CS,
sup Vg(zi;0)] < n=¢ max a; = op(n_“'l/“) L 0,
0e® reA,, 1<i<n I<i<n

giving the first conclusion, so w.p.a.1 A'g(z;,0) € V forall € ® and ||A| <
n=¢ 1

Let 20) =n~' Y7 g(zi:0)g(zi; 0).

Lemma 7 If Assumption 5 is satisfied, e O, iR 6o, and g(é) =0, (n_1/2),

then % = argmax; .2 ) Is(é M) exists w.p.a.l, 1= Op(n_1/2), and

sup P(0,%) < p(0) + 0,(n").
reh,(0)

Proof: It follows similarly to the proof of Lemma 2 that UWL for £2(0) holds,
giving 2 =20) £ 2. Then by nonsingularity of £2 the smallest eigenvalue
of £2 is bounded away from zero w.p.a.1. Let A, be as defined in Lemma 6. By
Lemma 6 and twice continuous differentiability of p(v) in a neighborhood of
Zero, ﬁ(é , A) is twice continuously differentiable on A, w.p.a.l. Since ﬁ(é ,A)
is continuous with A, compact, o= arg maxjea, ﬁ(é , A) exists w.p.a.l. Fur-
thermore, for §; = g(zi; 6) and any A on the line joining A and 0, by Lemma 6
and p2(0) = —1,

max po(Ag) < —1/2  wpa.l.
1<i<n
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Then by a Taylor expansion around A = 0 with Lagrange remainder, there is i
on the line joining A and 0 such that for § = g(6),

p(0) = P(6,0) < P(6,%) = p(0) —X'g + (1/2)% [Z pz(i’éi)éiéﬁ/n] »
i=1

< p(0) — X'g — (1/MA' 2% < p(0) + A — CIAI>.

Subtracting p(0) — C [A]? from both sides and dividing by Al we find
that C|x|| < |g|l, w.p.a.l. By assumption, § = OP(n’l/z), and hence
Al = 0p(n’1/2) = op(n’{). Therefore, w.p.a.1 % € int(A,) and hence
8ﬁ(é, i) /oA = 0, the first order conditions for an interior maximum. By
Lemma 6, w.p.a.l X o€ [\n(é), so by concavity of ﬁ(@v,k) and convexity
of f\n(é) it follows that 13(5 X = SUP; A, ) IS(GV M), giving the first and
second conclusions with i = A. Then by the last inequality of the above
equation, [|gll = O,(n~"/?), and || = 0,(n~"/?), we obtain P(6,1) <
p(0) + [IA1Z]l — ClIAI? = p(0) + O, (n~"). This completes the proof. 1

Lemma 8 If Assumption S is satisfied, then ||§(9_GEL)|| = 0p (n=Y%).

Proof: Let g; = g(zi:0GeL), & = £(0geL), and for ¢ in Lemma 6, A=
—n%g/|lz|l. By Lemma 6, maxi<, |X'g;| = 0and & € A,(@ceL) w.p.a.l.
Thus for any A on the line joining % and 0, wpal ;p(Vg) > —C (i =
1,...,n). Also, by CS and UWL, ¥, :2//n < (X_;a%/m)I, 5 Cl,, so that
the largest eigenvalue of ), g;g!/n is bounded above w.p.a.1. An expansion
then gives

P(OceL, ) = p(0) — K'g + (1/2) [Z pz(i/g,-)g,-g{-/n} )
i=1

n
> p(0) +n~fligll — C/)N [Z gig{-/n} s
i=1
> p(0) +n|gll —Cn™%*
w.p.a.1. The hypotheses of Lemma 7 are satisfied by 6 = 6, = (B vy using
the CLT as in the proof of Theorem 9. By OceL and A being a saddle point, this
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equation and Lemma 7 give
p(0) +n~ gl — Cn™* < P(fceL. ») < P(dcEL, 1)
< sup P(0,,2) < p0)+0,(n7"). (42)

rehn(6n)
Also,by ¢ < 1/2,¢ —1 < —1/2 < —¢. Solving equation (4.2) for ||g|| then
gives

12l < 0,(* H+Cn~t = 0,(n~°). (4.3)

Now, consider any &, — 0. Let ) = —e,8. Note that A = 0,(n"%) by equation
(4.3), so that A€ A, w.p.a.l. Then as in equation (4.2),

p(0) + e, lI21* — Ce2l1glI> = p(0) — X' — ClIA|?
< P(OcpL, ) < p(0) + 0,(n 1.

Since, for all n large enough, 1 —e¢,,C is bounded away from zero, it follows that
enllgl? = 0p(n_1), which is equivalent to nenllgl?/wn 2 0 for all w;, — 00.
Then for all w! — oo, n||g7||2/w; £ 0 holds by putting &, = 1/\/w_j and
w, = \/w_j Hence, we have ||3]|2 = 0p(n_1), too. 1

Theorem 13 [If Assumption 5 is satisfied, then under the local alternatives
faEL > Oo with 3. = 0,(n~"/?) and fgeL > 0o with 3. = 0, (n~'/?).

Proof: To see OGEL LS 0o, let M, (0) = —||g(®)] and M) = —|go ()],
where M (0) = 0 has a unique solution at 6p. Similarly to the proof of Lemma
2, supyce |Mp(6) — M(9)] £ 0 holds by Assumption 5. Also M, (AGgL) >
M, (6p) — 0p(1) holds by Lemma 8. The conclusion follows as in the proof of
Theorem 8. By Lemma 8 and thus putting 6 = Oger in Lemma 7, we obtain
L= 0, (n~12). Corresponding results with respect to fcEr, can be shown
similarly. 1

4.2 Asymptotic normality of estimators under local alternatives
The following assumption combined with Assumption 5 guarantees the
asymptotic normality of the GEL estimator under the local alternatives.
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Assumption 6 (a) 9y € int(®); (b) g(z; 0) is continuously differentiable in
a neighborhood N of 0y for almost all z; (c) There exist measurable func-
tions b1(z) and by (z) such that for almost all z, |0g(z;0)/90| < bi(z)
and f(z;0,n0) < ba(z) for all 6 € ©. Further, it is the case that
[ b1(2)b2(2)du(z) < 00; (d) rank(G) = q.

Let 6eL = (B, v)'-

Theorem 14 [If Assumptions 5 and 6 are satisfied, then under the local alter-
natives

B—Bu\ _ (HQ '"H)"'H'2! R
ﬁ( )_\ > __(9_1_Q_IH(H/Q_IH)_IH/Q_I ﬁg(ﬁl’bVO)

+op(1), (4.4)
VngOceL) = {I, — HH'Q"H) " H'2 "\ /ng (Bn, vo0) + 0, (1),  (4.5)

Vg (B, v0) = /ng(Oy) — K8+ 0,(1), (4.6)

Vg6, 5 N, Q). @7

> {p (g (ii foe)) — pO)) = S8(@or)' 27 8(@orL) +0p(D. 48)
i=1

faeL, — b G'e'e)lee! .
ﬁ( )A» ) - (_Ql _ -Q*lG(G/.QflG)flG’_Qfl ﬁg(en)
+op(D), (4.9)
\/ﬁg(éGEL) = {Ir — G(G/Q_IG)_IG/Q_l}\/Eg(Qn) + Op(l)’ (410)

> {p@ st ey — p(O) = S2(6eL) 27 2G6EL) + 0, (D). (@1D)

i=1

— 100 —
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Proof: Equations (4.6) and (4.7) follow similarly to the proof of Theorem 9.
To see equation (4.4) hold, we will compute the GEL first order conditions in
equation (4.1). The first order conditions for A are

n
> o1 g)gi/n = 0. (4.12)

i=1
Equation (4.12) holds since X € An(éggL) with [\n(éGEL) open by defini-
tion. Also, @ = Y| pp(A'8)g:i&/n > p2(0)£2, so that 2 is nonsingu-
lar w.p.a.1. Then by the implicit function theorem there is a neighborhood of

B where the solution A(8) to Y7_, p1(X'g(zi; B, ¥0))g(zis B, vo)/n = 0 ex-
ists and is continuously differentiable. Let g;(8) = g(zi; B, yo) and H;(B) =
ag(zi; B, v0)/9B. By the envelope theorem the first order conditions for B are

n
> P g Hi(B)'A/n = 0. (4.13)
i=1
Equation (4.13) follows w.p.a.1 from (a) of Assumption 6 with Theorem 13. By
amean value expansion of these first order conditions we have, for (]3 = (B TN )

and ¢, = (8,07,

0 _
0= M(p — én), 4.14
(_g(ﬁan0)> - (¢ ¢) ( )

W — 0 _ Yy P18 Hi(B) [n
Y W EDHi(B)/n Y i o2V ggi(Ba)gi/n )
where £ and J are mean values that actually differ from row to row of the matrix
M. By A = 0p(n_1/2), it follows as in Lemma 6 that max; <, IA'gi] 2 0.

Therefore, max; <, |o1(A'g;) + 1] £ 0and max; <, |p2(A'gi) + 1] £ 0. It then
follows from UWL that M % M. Here

0 H . -x J
M=— . Ml=-— ) ,
H J P
where ¥ = (H'Q'H)Y ", J=XH'Q ' andP =02 '—Q 'HXH' 2.
Inverting and solving in equation (4.14) then gives
- ——1 A
V(g — o) =—M (0, —/ng(Bn, v0)")'
= —M10, —/ng(Bu. v0)) + 0p(1)
=—(J", P)'V/ng(Bn. v0) + 0, (1).

— 101 —
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Then equation (4.4) follows. Equation (4.5) follows from the mean value theo-
rem and equation (4.4). By equations (4.4) and (4.5) we have

8(0ceL) = =24+ 0p(n~'1?).
Then
n
P(OcEL, ») = p(0) — A’ (OcEL) + A/ [Z pz(l/éi)éié’;/n} r/2
i=1

= p(0) = X'g(OcrL) — ¥/ 24/2+ 0p(n™ )

= p(0) + &(0ceL) 2 ' (OcEL) /2 + 0, (07,
which gives equation (4.8). Equations (4.9)-(4.11) can be shown similarly. 1

4.3 Hypothesis testing

We will construct the GEL hypothesis test in terms of the distance metric
statistic DMggL. Let k denote the noncentrality parameter of the noncentral
chi-square distribution corresponding to the test.

Theorem 15 [If Assumptions S and 6 are satisfied, then under the local alter-
natives

n n
DMgEL = 2 {Zp(i/g(zz'; feL) — Y (M g(zis éGEL))} % 1.0,
i=1 i=1
wherek =8 {K'Q27 'K — K'Q'HH'Q 'H)"'H'2-1K)}s.
Proof: By equations (4.8) and (4.11) we have
DMoer = 1 {#@ceL) 2™ 0ceL) — §@cen) 2 20ceL) | + 0p (D).

Theorems 9 and 14 give

VngOceL) = V/nglomm) +o0,(1) = 0,(1)
and

VngceL) = vng@onm) + 0,(1) = 0,(1),

which yields DMggL = DMgmwMm + 0, (1). The conclusion follows from Theo-
rem 10. 1
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