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On Some Bilateral Exchange Method And Its Dynamics

1. Introduction

The problem of discovering a general equilibrium in Walras central market was
intensively in the 1950s studied by Arrow and Hurwicz (1958), Arrow and Block and
Hurwicz (1959) and others: The most important result is that when we put a fairly strong
condition as "gross substitutes" on the market excess demands, a Walrasian price
adjustment process (called tatonnement) is globally stable. Whether or not a tatonnement
can be stable without this assumption was left unclear. Also in Arrow and Hurwicz one
conjecture had been proposed; a tatonnement process may be possible to be stable
without this condition if we well utilize the property of convexity of preferences.

Soon Scarf (1960) gave a negative answer to the above conjecture by showing two
counter examples; one is concerned with Leontief type utility function with no
substitutability, and another is concerned with C.E.S. type utility function. Later this
demonstration seems to be reconfirmed by a series of the study of market excess demand
functions which was initiated by Sonnenschein (1972) and further developed by Debreu
(1974) and others. Since then, theorists have changed a direction of study about the
discovery of general equilibrium from Walrasian tatonnement to computation of solving a
fixed point (See Scarf (1972)).

However it seems that there still remains an important study of investigating a relation
between an abstract Walras central market and possible decentralized markets which will
be behind abstract central market. The double auction market proposed by Smith (1965)
and still now continuing to be developed by Plott and many others will be a candidate to
decentralized markets. By a series of researches of this market the relation between
general equilibrium and decentralized markets like double auction market is now
becoming clear. In particular, Anderson, Plott, Shimomura and Granat (2004) suggest us
that the path of the average of transaction prices in double auction market looks like
following a Walrasian price adjustment process: In their experiments they adopt the
model Scarf proposed as an example of instability of tatonnement, and when a model
predicts a limit cycle the data in experiment also depicts a kind of limit cycle, and when a
model predicts a convergence of equilibrium the data shows similar convergence.

Recently Gintis (2007) has studied the price dynamics in a bilateral decentralized
exchange economy based on an agent based simulation and private prices of agents, in

which Scarf model is also adopted. In his paper Gintis asserts that a sequence of
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distribution of private prices and a sequence of the average of private prices will
converge to the general equilibrium, while both a tatonnement and a double auction
trading process show instability. If his assertion turns out to be true irrespectively of
choice of preferences and initial holdings, his method seems to take a position in the
study of finding a general equilibrium price.

In this paper we try to follow a method of Gintis and to do several simulation
experiments by our own computer program, and to examine whether or not his assertion

can be true as a general tendency.

2. Bilateral Exchange Method With Two Goods And Its Dynamics

2.1. Recently Gintis(2007) has attempted to study a class of decentralized market in
which a sequence of the averages of transaction prices would tend to converge to the
general equilibrium price: His method is mainly due to a distribution of private prices
given to all agents at starting time of transaction, and is to show that according as
transaction proceeds the distribution function may change and the average of changing
distribution function will converge to the equilibrium price.

In his paper Gintis actually discusses two models; (i) Scarf type model of exchange
(this type model also has been examined in an experimantal double auction study by
Anderson et al. (2004)), and (ii) Walrasian production economy. However, in order to
clarify whether or not this Gintis’ method can be true as a general tendency irrespective
of the choice of utility functions and initial endowments, in this paper we want to
concentrate on the problem about only exchange model which seems to be fundamental to
Gintis’ method. In this section we study two goods exchange economy with Gintis’
bilateral method, which will show us an intrinsic nature of his method, though only the
three goods exchange model was handled in the Gintis’ paper.

Let us consider an exchange economy with two types of individuals and two goods

which is charactrized by

{uj(XIj,XZj), o = (CDIj,COZj) } aj = 1,2,

where utility function #/(+) is assumed to satisfy the conventional assumptions such as
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convexity and @ denotes the initial endowment vector of the j th type.

Let us consider a situation in which there exist n agents of each type, so that totally
2n. For convenience, we number all agents from 1 to 2n, for example, agents of type 1
from 1 to n, agents of type 2 from n+1 to 2n.

Next we proceed to the problem of how agents trade each other, and to describe a

Gintis” way of exchange in the starting period, say, period 1.

[ trade procedure in period 1]

(i) We take the second good as numeraire, so that the price of second good is unity.
Let us give all agents private prices by the following way; take supremum and infimum
price, say, p and p, and consider an interval [p, p] and take a set S of lattice points in the
above interval. Suppose a private price vector of each agent is randomly chosen from S,
say, {p(1), p(2), ..., p(2n)}, which may be considered to be fairly uniformly distributed

in S if n is fairly large.

(i) All agents can be sometimes “initiator” or “responder”. Suppose agent i is an
initiator and agent j is a responder. In this case agent i only can offer a trade term, that is,
an exchange of some amount of good & for amount of good 7. On the other hand, agent j
only determines whether to accept or reject this trade term offered by agent i.

Next we have to think about how two agents come across, in a market, as initiator or
responder. For this matching problem, we want to take a simple way such that an initiator
is, in turn from the agents set {1,2,...,2n}, chosen, and a responder is randomly chosen
from the set in which this initiator is excluded. In our experiment we will show later, all
agents are assumed to be initiator one time in the simulation in this section and r times in

the next section. (In Gintis(2007), =1 is assumed.)

Next let us consider the problem of agents’ behavior patterns.

[ behavior pattern of initiator]
agent i determines net demand or net supply by maximizing the utility function

subject to the budget constraint with his own private price. Let the stock of good 1 and
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good 2 of agent i be | and w>. Then the net demand or net supply of good 1 are defined

as

dii = Ei(p(i),01,02) ifEu(-) >0

su = -Eup@),01,02) ifEu() <0

where E|; is the agent i’s excess demand function of good 1. For example, when
Eii(+) > 0, agent i tries to give an offer (di;,s20 = —p(i)d1;) to a responder which will

be chosen as in the above.

[ behavior pattern of responder]
The behavior pattern of responder is very simple: Suppose agent i (initiator) give a
specific trade term (di;,s2) to agent j (responder). If this exchange brings about the

non-decrease of the value evaluated by agent j’s private price, i.e.,
s2i = p()dui = 0,

he will be willing to accept this offer, and reject otherwise. When agent j has enough
stock to supply di;, this exchange is carried out with no amount change of goods at all,
and when not enough stock, an actual trade amounts are assumed to permit to scale down

until agent j’s stock of good 1.

budget of agent j
by his private price

endowment of agent |

budget of agent j
by the private price of agent i

""""" N

—
value inclease of agent j

Figurel
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Next we proceed to the problem of trading in subsequent periods.

Assumption 1 (Renewal of initial holdings): After trades in a period, the final stock of
goods is assumed to be consumed by agents. The same initial holdings as in period 1

are again given agents before starting trade in next period.

It is assumed that the private prices {p(1),p(2),...,p(2n)} given in the starting period
continue to be kept until ¢ times of periods are finished. And we call 7 times of periods
one generation. Of course, the final stock of agents may change from period to period.

After one generation is over, all agents can calculate the total of utility value over
period, and compare those to each other. For example, take agent i and agent j of type 1,

and suppose that a sequence of their final stock in period is

{x(,1),x(,2),...,x3(0, 0} and {x(j,1),x(,2),...,x(j,2)}.

When estimating the above by their common utility function and summing up, we

have

™ total utility of agent i =), u1(x(i, k))
(**) total utility of agent j =Y, u1(x(j,k)).

Imitation rule: If (*) > (**), then agent j tries to imitate private price p(i) and vice

varsa.

We choose m sets of pair (7,j) of agents randomly from group of each type, and apply
the above imitation rule to m sets of pair of each type. This way will make the private
prices of 2m agents change.

In addition to the imitation of private prices, we finally put the mutate assumption on

change of prices.

Assumption 2 (Mutation): r percentage of all agents mutate, and make their private

prices increase or decrease change by a certain percentage.
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The Gintis’ assertion is as follows.

Gintis’ assertion: According as generation proceeds, a possible distribution of private
prices that can be obtained at each generation will gradually change from the uniform
distribution at the starting period, and the average of distributions at each generation will

converge to the general equilibrium price.

2.2. Our concern here is to clarify whether or not this assertion will be true. We want
to show two results of our computer simulation that are performed in the programs by
Mathematica; (i) a case with Leontief type utility function, which may be convenient
when compared to Scarf type utility function with three goods (see next section and
Gintis(2007)), and (ii) a case with Cobb-Douglas type utility function that satisfies the
conventional assumptions such as strict convexity and smoothness.

Let us first consider a case of Leontief type utility function. The utility functions and
the initial endowments of type 1 and 2 are:

u'(x) = minfaxi,x2], @' = (@1,0)
u%(x) = min[Bx),x2], ©? = (0,02) .

We have the following market excess demand function of good 1:

E(p) = poi/(p+a) +w2/(p + B) — o1 .

A simple calculation tells us: (i) The interior equilibrium price is given by
p* = a(f - 0)/(» - @) with ® = w2/01, (ii) when the relation of parameters is a < f,
B> ®>aora>w>p the boundary equilibria exist as p** = 0 and p** = o, and
furthermore a tatonnement process p= E)(p) never converges to the interior equilibrium
p*, rather converges to the boundary equilibria, and (iii) when @ > B, B > ® > a or
a > @ > f, the boundary equilibria do not exist and a tatonnement process converges to
the unique interior equilibrium.

We demonstrate the typical cases with (i) a = 5, B = 15, = 10, and p* = 5, and
(i)a =5, B =14, o = 10, and p* = 4 in both of which the number of each type is set
n = 100. The computer simulation of case (i) neglects mutation process while that of

case (ii) takes mutation process into consideration.
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Figure 2: average price path in case (i)
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Figure 3: average price path in case (ii)

From those demonstrations we see that a bilateral exchange process proposed by
Gintis does not necessarily guarantee the convergence to the equilibrium price, contrary
to Gintis’ assertion. However, the utility functions in those demonstrations are very
extreme (that is, no substitutability among goods at all), and we are afraid that this
extremity of utility functions might be the main source of non-convergence of process.

Therefore we want to study the case of Cobb-Douglas utility function which satisfies all

the conventional conditions.

We suppose the following Cobb-Douglas utility functions of both type and as to

initial endowments we follow the same notation in the previous discussion:
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ul(x) = x¢ x}@
w(x) = X 7P

Put @ = 1/3, B =1/5, o =12, so that p* = 4. The following picture by our
computer simulation demonstrates the average price path in this case with the number of

each type being n = 100.

average price
150 average price of type 2
125 T
.«“’“/
100 o™
M, N _

75 S

50 R ___ average price of type 1

2 equilibrium price

20 40 60 80 100

generation

Figure 4: average price path in Cobb-Douglas case

This demonstration again seems not to guarantee the convergence to the general
equilibrium price; the smoothness and substitutability of utility function will fail to give
us the property of convergence. A question why non-convergence in our cases happens

despite of Gintis’ demonstration of convergence will remain to be answered.

2.3. Let us proceed to ask the above question. In order to simplify our discussion we
define the following density function of private prices: Let the private price of agent i of
type 1 be denoted by p(i) with the property that p(i) < p(i+1) and
p(i + 1) = p(i) = p(i) — p(i — 1). Then the uniform density function is

1) fp) = 1n forp=pQ) =iorp=pn+i)=1i,i=12,...,n

0 otherwise .
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The density function of agents of type 2 can be defined as the same form.
Next we consider a class of possible density functions that can be produced based on
trading processes according to the evolution of generation. Let the number of imitation

pair be m. Then the set of this pair is

S(?,;) = {(ilaj1)9 (iZ,jZ), (R} (imsj”l)}

where 7 = {i1,i2,...,im}sJ] = {12 --rjm}.

A density function at generation 1 for s(7,7) can be given by

@ fan®) =2n  forp =pGn), r=12...m
Un  forp # p(ir) # p(r)
0 otherwise .

Suppose the total utility value of agent ix be larger than or equal to that of agent ji.
For simplicity we set m = 1 in the following discussion. In the next generation
(generation 1) the number of density functions is possible to be n(n — 1). These density
functions can be produced by actual trading process.

Let us consider a simple case with » = 10. A density function at generation 1

corresponding to s(2, 1) is given by the following picture.

i
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Figure 5 density function /% ,,(p) at generation 1

This picture is one of the possible class of density functions the number of which is
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ninety. And the number of possible density functions at generation 2 which are derived
from each density function at generation 1 is 72, so that the total patterns are 6480. We
can also calculate a class of density functions at subsequent generations.

Below we try to show that any density function which will be possible to produce at
any generation has the probability to realize throughout actual trading processes. First let
us consider a possible class of density function at generation 1 and take a special density

function from this class;

3) fran®) =2 forp = p(2)
I/n  forp #+ p(1) # p(2)
0 otherwise .

Next we demonstrate a certain case of actual trading process which is supportable for
the above density function. At the begining of this period, the stock of initial holdings is
assumed to reset, so that if a pair of initiator and responder belongs to the same type, no
trade between them happens because they have only the same good (there does not exist
an exchange good). When n = 5 and m = 1, we consider a special matching case as

follows:

)

initiator | 1
responder | 2

10

-~
- W
R FS
|
o |
D)
o
L -2

(
-

In this case, only one pair (2,7) can trade irrespective of the choice of utility function,
but other pair (7,6) can trade when agent 7 wants to demand the second good and can not
trade when he wants to demand the first good. Therefore, if this matching case occurs
through ten periods (clearly this has a certain probability), them the total utility sum of
agent 2 becomes larger than that of any other agent of type 1. This result does not depend
on the form of utility function. This tells us that the above density function will be
certainly supportable for actual trading process. We are also able to show that even in

more general cases any density function will have at least one trading matching pattern.



On Some Bilateral Exchange Method And Its Dynamics

Proposition 1: Any density function at generation t that will be derived from one
density function at generation t — 1 will be supportable for actual trading pattern in the

Gintis type decentralized bilateral exchange market.

From this proposition we are able to see: Suppose the i th agent be given an
equilibrium price p* as his private price. At some generation ¢, it may be possible that
agent i imitates other agent’s private price; a density function in this case is given by
Sewiy-

Next we want to ask the probability for agent i who has the equilibrium price as his
private price not to imitate other private prices. When the number of agents of each type
is n, the number of matching patterns is (n — 1)”. Because this number is extremely vast
if n is quite large, it is very difficult to handle them, so that we will explain the above by
using rather simple case with » = 3 and m = 1. Also assume that the utility funcitons

and initial endowments

u'(x) = min[5x1,x2], ® = (10,0)
u%(x) = min[15x;,x2], @ = (0,100) .

Futhermore we assume the following initial private prices:

((1),p(2),p(3),p(4),p(5),p(6)) = (4,5,6,4,5,6)

where p(2) = p(5) = 5 is shown to be the equilibrium price.

Let us show the result of our computer simulation. In this setting, the probabilities
that agent 2 does not imitate others at generation 1,2 and 3 are respectively 0.447, 0.346
and 0.327. And the probabilities that both agent 2 and 5 do not imitate others at
generation1,2 and 3 are respectively 0.14, 0.13 and 0.12.

This result enables us to conclude the following.

Proposition 2: The price dynamics of the Gintis type bilateral exchange market does
not necessarily converge to the equilibrium price, rather may converge to other prices

except the equilibrium price.
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3. Bilateral Exchange Method With Three Goods And Its Dynamics

3.1. In Section 2 we have studied that in the case of two goods the bilateral exchange
method proposed by Gintis does not necessarily guarantee the convergence of the average
trading prices to the equilibrium price. This will be quite different from the original
assertion of Gintis, which has been done by using the famous Scarf exchange model with
three goods. In this section we want to study whether or not his assertion based on three
goods model can be true as a general tendency.

Let us consider a pure trade model (used in our agent based simulation study) in
which there are three commodities and three types of agents. Each type is characterized

by utility function and initial holdings, i.e.,
{ujlxy,x2i,x3), 0 = (@y,05,03) },j = 1,2,3

where the first subscript means commodity and the second subscript individual.
Throughout our study in this chapter we will use C.E.S. utility function and its limit form,
ie.,

Y} u;i(x) = [ai;” X)) + az-"’ X3 + a;;"’ X3 ]_%
or in a different form,

(€} ui(x) = —[a};’J Xy + a;;p X + a;;-"’ xy].

(4) or (4) yields the following demand function:

a;pim;

; Li=1,2,3;) =123
2 AP

(%) Jip, mj) =

where p = (p1,p2,p3) denotes a price vector, m; = Y p; @; denotes the nominal income
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of individual j , and ¢ = 1/(1 + p) is the elasticity of substitution. It is well known that
when ¢ = 0, (4) becomes Leontief type utility function with no substitutability among
goods, and when ¢ = 1, (4) becomes Cobb-Douglas type utility function.

From (5) we have the market excess demand functions as follows:
3 .
©) E@) =X, fip, m) =X, 05 , i=123
Since the model we will use in first experiment is basically the one Scarf (1960)

proposed as instability example of tatonnement, we want to review it briefly.

Let us put a special value on the parameter matrix in (4) ;

ain ap an 011
4= az an ax; = 101 s
as asxn ass 110
and also put a special value on the endowment matrix ;
01 O 013 010
0 =] wn 02 03 = 001
w31 ®32 O3 100

The above values imply that all individuals consume only two goods, either of which
they holds initially. Scarf (1960) showed that when ¢ = 0, that is, utility function is of
the perfectly complementary, a tatonnement process p, = Ei(p) depicts a limit cycle,
never converges to the equilibrium price vector (also see, Hirota(1981)). i
Recently Anderson et al. (2004) used this Scarf model in their double auction
experimental study. Gintis (2007) also used it in a bilateral exchange experimental
economy with private price setting.
In Scarf’s original model, p* = (1,1,1) is the equilibrium price vector up to
multiplication, but both Anderson et al. and Gintis, from the view point of application,

change the measure of goods so as the equilibrium price of goods to be different:
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0y vy 0y 0
A=| a 0 a and = 0 0 a
B BO B 0O

When the measure change is the above, Scarf model may be described as follows;

type 1:  u1(x) = min[ %2—,%3] , 01 = (0,0, B)
3], 0= (1,0,0)

@) type 2:  uz(x) = min[ 7‘,
x 1, 03=(0,a,0) .

type 3:  u3(x) = min[ —y‘—,

In this case the equilibrium price vector becomes p* = (B/y, B/a,1) with third good
taken as numeraire, it is also easy to see that a tatonnement process depicts limit cycle. In
their experiments, y = 20, a = 40, B = 800, so that p* = (40, 20, 1).

In our analysis we will handle a case with ¢ > 0, that is, smooth utility function, so
that now we want to clarify the relationship between the parameter value in A and the
above equilibrium p* (however, the endowment matrix is kept as the same value).

Define

® ay = byy', ay = bya'~, ay = byp',

and define the coefficient matrix of b;

0 b2 bi3
()] B={ bu 0 bz
by by 0

By a simple calculation we are able to see that when B is doubly stochastic,
p* = (Bly, Bla, 1) is always the equilibrium price vector irrespective of the values of

bj’s and the value of c.

3.2.  Let us explain the method Gintis (2007) proposed in the simulation study of
dynamics of bilateral exchange economy based on agents’ private prices. For private price
soon we will clarify it. In his paper he has studied not only exchange economy but

production economy. However, for exchange economy, he has studied only Scarf
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economy. We want to handle not only Scarf economy, but also C.E.S. economy, and etc.
Therefore we will mention more general method, following Gintis’ method.

By mainly taking Scarf model (7) into account, we want to describe our exchange
procedure in a bilateral exchange economy. The method we are going to say may be
extended to more general model such as the C.E.S. economy.

Let us consider a situation in which there exist n agents of each type, so that totally
3n. For convenience, we number all agents from 1 to 3n, for example, agents of type 1
from 1 to n, agents of type 2 from n+1 to 2n, agents of type 3 from 2n+1 to 3n.

Next we proceed to the problem of how agents trade each other, and to describe a

way of exchange in the starting period, say, period 1.

[ trade procedure in period 1 ]

(D) Let us give all agents private prices by the following way; take supremum and
infimum price, say, p and p , and consider a rectangular

{upllp<pi<p i=12}
and take a set S of lattice points in the above rectangular. Suppose a private price vector
of each agent is randomly chosen from S, say, { p(1), p(2),..., p(3n) }, which may be
fairly uniformly distributed in S.

(II) All agents can be sometimes "initiator" or "responder". Suppose agent i is initiator
and agent j responder. In this case agent i only can offer a trade term, that is, an exchange
of some amount of good k for amount of good » . On the other hand, agent j only
determines whether to accept or reject.

Next we have to think about how two agents match in a market. For this matching

problem, we want to take a simple way, all agents become initiator in turn, and others are
randomly chosen responder. In our experiment we will show later, all agents are assumed

to be initiator 7 times. ( In Gintis (2007), r = 1 is assumed.)

(II) In this stage we will say about behavior patterns as initiator and as responder.

(behavior pattern of responder)
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The behavior pattern of responder is very simple: Suppose agent i responder and
initiator agent j offer an exchange s, for d;. If the value of agent i by this exchange
increases based on his given private prices, i.e.,

pi(Ddi — p-(D)sr 2 0,
this agent i tries to accept this offer, and to reject otherwise. Thoughout trading process

we put a rule that permits agents to scale down this offer (d, ).

(behavior pattern of initiator)

Below we want to name the good for only exchange T good, the good for

consumption W good, and the good held initially H good.

1. (i) When this agent j has some amount of T good, say, wr, first he tries to exchange wr
for W good based on his private price p(j). Because of the same value exchange, the

demand of W good determined by

the demand for W good: dw = (p—T(l—)— or .
pwli)

If responder accepts this offer (which may be scaled down by a rule), this trade is
executed and stock of goods of both agents is changed. On the other hand, if responder
rejects this offer, initiator think of next offer.

(ii) Initiator offers an exchange of w7 for H good to the same responder. If responder
accepts this offer, this trade is executed. Otherwise, the trade of both agents is never

done.

2. (i) When an initiator has no T good, this agent i determines net demands for W good
and H good by maximizing utility function subject to budget constraint with private
prices p(i). Let the stock of H good and W good of agent i be wy and ww. Then the net
demands are defined as

di = fu(p(i), 0, 0w) ~ ok k= W,H,

where fii(+) is the demand function of good k. If dw > 0, agent i tries to exchange
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sy = —dy for dw and if dy > 0, agent i tries to exchange sw = —dw for dn. Because of

pwdw + prdn = 0, if dw > 0, agent i tries to exchange sy = —(‘;”'8 )dw for dw and if
H

dn > 0, agent i tries to exchange sw = —( z ’;8 )du for dy.

If responder accepts this offer (which may be scaled down by a rule), this trade is
executed between two agents and stock of goods of both agents is changed. On the other
hand, if responder rejects this offer, initiator think of next offer.

(ii) An initiator, agent i offers an exchange of half amount of sw or sy for T good to

the same responder. If rejected, the trade between both agents is never done.

Remark: Gintis (2007) says that whenever holding H good agent i always plans to
exchange H good for W good by utility maximization (See p.1286 in Gintis (2007) ).

However, as we have shown above, this supposition may be possible to be contradictory.

Here it may be useful to give an example of a trade process in Scarf economy (7).

Consider agent i of type 1 first appears in this trading market as an initiator. So he has
only the stock of H good, B (in this case H = 3), and according to the behavior pattern 2,
he tries to exchange s3 for db. s3 and d, are determined by maximizing utility min[x,/a

,x3/P] subject to budget constraint p»(i)dz + p3()ds = 0;

_ @B _ (P2 _ _afp,(i)
dz—m ands;—(z d——z—

Py )77 apy()+B

Let agent j be a responder with the stock of good 2. According to the simple behavior
pattern of responder, this agent has to examine an arbitrage condition which tells whether
to increase the value after trade.

The arbitrage condition is:

10 Pz(f_) > Pz(li) )
{10 p3() ~ p3(d)
Remark: In our experiment the equality may be important because otherwise no agents

can trade at all in a case with general equilibrium price p* being given all agents.
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Let us suppose that arbitrage condition is satisfied but the stock of agent j , w2(j), is
less than the demand of agent i . But by the scaling down rule, a trade of A(d»,s3) with
0 < A < 1 is executed between agents i and j .

Figure 6 well demonstrates this fact.

3.3. Next we proceed to the problem of trading in subsequent periods.

Assumption 3 (renewal of initial holdings): After trades in a period, the final stock of
goods is assumed to be consumed by agents. The same initial holdings as in period I are

again given agents before starting trade in this period.

It is assumed that the private prices { p(1),p(2),...,p(3n) } given in the starting
period continue to be kept until # times of periods are finished. And we call ¢ times of
periods one generation. Of course, the final stock of agents may change from period to
period.

After one generation is over, all agents can calculate the total of utility value over
period, and compare those to each other. For example, take agent i and agent j of type 1,
and suppose that a sequence of their final stock in period is

{x@,1), x(4,2), ..., x(4,8) } and {x(, 1), ..., x(j,D) }
When estimating the above by their common utility function and summing up, we

have



On Some Bilateral Exchange Method And Its Dynamics
Q) total utility of agent i = Y, u1(x(i,k))
(**) total utility of agent j = >_,_ u1(x(j, k)).

Imitation rule: If (*) > (**), then agent j tries to imitate private price p(i) and vice

varsa.

We choose m sets of pair (i, j ) of agents randomly from group of each type, and
apply the above imitation rule to m sets of pair of each type. This way will make the
private prices of 3m agents change.

In addition to the imitation of private prices, we finally put the mutate assumption on

change of prices.

Assumption 4 (Mutation): r percentage of all agents mutate, and make their private

prices increase or decrease change by a certain percentage.

As in the above, we can imagine that, according as generation proceeds, the
distribution of private prices would gradually change from the uniformity in the starting

period. Our concern is to pursue its dynamics.

3.4.  The computer program written based on the trading method in section 3

produces a sequence of price distribution in each generation as follows:

{p(17t)’ p(zat), cees p(3n,1)} , = 1,2,...

where ¢ means the time of generation. In this section we want to study whether or not the
above sequence may converge to the equilibrium price p*. Gintis (2007) has asserted the

following:

Gintis’ assertion: A sequence of average of prices in each generation,

(kD)
P = Z"‘%f Li=1230=12,

may converge to the equilibrium price p;.
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When we presume Scarf economy with y = 20, a = 40, f = 800, our program has

produced the result below. In this experiment we set the parameters as follows;

(parameter case 1): number of each type n = 800, the round time in period r = 2, the
number of periods in one generation = 10, the times of generation ¢+ = 1000, percentage
of imitation = 10%, and percentage of mutation = 3% with private prices being increased

or decreased by 10%.

p2
200
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150
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100
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50
25

1
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figure 7 (parameter case 1)

As long as we see this picture, it seems that a sequence of average prices may
converge to the equilibrium price, p; = 40, p5 = 20. However this picture does not tell
us any information about the variance of distribution when the distribution is changing
toward the future. This question leads us to examine what will happen to the movement

of sequences of prices in each type. Let us consider:

Xy Pilk D) 2k—n+1p‘(k H Zk—2n+1p'(k 9
n .

ﬁi(Lt) = s ﬁi(zst) ﬁ,’(37t)

Those paths of each average are shown in the next picture:




On Some Bilateral Exchange Method And Its Dynamics
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figure 8

What does this picture tell us? Three paths for each type looks converging to
completely different points which are far from the equilibrium point. A question is why
whole average path shows us the convergence to equilibrium. This seems to be an

important point we have to resolve.

[ Question ]: Why does the total average path converge to equilibrium regardless of

different convergence of each type of path?

The data of the above experiments might be accidentally obtained. Therefore we
conducted several experiments with the same parameter case 1. However, the data
obtained showed quite similar results. The question is still left to be unclear.

We may summarize these experiments’ result:

Result 1: When the number of agents is so large, the total path of prices may be
possible to converge to the equilibrium, but each type of path is seen not to converge to

it.

In order to clarify the phenomenon of these data, we turn to a slightly different
experiment from the above: We presume number of agents fairly smaller than case 1, that
is, n = 30, and furthermore we are afraid that because of small agents the uniform
distribution of initial private prices may not be guaranteed, so that we give 10 % of

agents the equilibrium price as their private prices.
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figure 10

Figure 9 shows the price dynamics of total average prices and figure 10 shows the
price dynamics of average prices of each type. This experiments may be interesting
because total path never shows convergence, rather looks like cycle. Each type path goes
toward completely different directions. In particular the path of type 3 is diverging rather

than converging.

Result 2: When the number of agents is not so large rather small, both total path and

each type path are seen not to converge to the equilibrium.

By the observation of the data in the above we have seen that our trade method
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of bilateral exchange economy does not necessarily give the stable function of price
discovery process. One of the reason for that might be due to the assumption of mutation,
which always causes some fluctuation of prices even in equilibrium. Next we try to do an
experiment without this assumption and we have a result below. In this experiment, the
number of each type of agents is set » = 200, and the remaining parameters are the same

as in first experiment.
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figure 11

As long as we observe the data in figure 11, the total average path of all agents is not
seen to move to the equilibrium price. When we observe the data in a circle region in the
above picture, the path looks like depicting a limit cycle. On the other hand, the paths of
each type agents looks like diverging from initial average prices points, and never
converging to the equilibrium point. This phenomenon may be common to in the previous

experiments that we have already demonstrated.
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figure 12
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We have observed an interesting phenomenon in which the price distribution in the
last generation completely converges to the respective points of types which are different

each other. Since there is no mutation in this experiment, this is a natural consequence.

3.5. So far we have studied that sequences of the average prices and distribution of
prices do not necessarily predict some convergence, contrary to the assertion of Gintis.
Therefore we have to pursue why this will happen. The reasons we can imagine now are:
(i) This phenomenon may be mainly due to a special form of utility funcion (that is,
Leontief type of utility function with no substitutability), or (ii) due to various assumption
of trading method we have followed a way of Gintis, and etc. In this section we try to
handle our bilateral exchange economy with C.E.S. utility function instead of Scarf type
of utility function.

In several experiments in this case we set various parameters as follows: The number
of each type agents n = 300, the round of periods in one generation is 10, the number of
generation is 500, imitation percentage is 10%, and mutation percentage is 1.3%, and
furthermore, the elasticity of substitution that is common to all agents is ¢ = 0.5.

We have observed that several experiments under the above setting of parameters
bring about a certain of phenomena that is fairly common to all attempts. Here we want

to demonstrate typical case which will be very interesting.
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figure 13
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Figure 13 is concerned with the path of average price of total agents while Figure 14
is concerned with the paths of average prices of each type of agents. From the
observation of data we are able to see that the path of average prices of total agents looks
going to the certain point (p1, p2) = (62, 42) which is fairly far from an equilibrium
price p* = (40, 20). Also the paths of average prices of each type agents are going to
completely different points, the path of type 1 to a point p = (1, 71), the path of type 2
to a point p = (25, 2), and the path of type 3 to a point p = (159, 52).

Subsequently we tried to do similar experiments with the same parameters except a
value of elasticity of substitution. In this experiments we set a value of elasticity of
substitution ¢ = 1, that is, Cobb-Douglas utility function case. However, we could not
obtain a particular result different from the one of the previous experiments with ¢ = 0.5.

We are now able to state:

Result 3: Even when we assume C.E.S. utility function with substitutability among
goods, the paths of average prices of all agents and each type of agents may be very

possible not to predict a certain convergence of an equilibrium.
Next we examine what happens to a Walrasian price adjustment in this C.E.S.

economy with ¢ = 0.5. The basic model in the last experiment is as follows:

The parameter value in C.E.S. utility function of each type is given by
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e 1=
ai apn ap 0yl y=
A=\ ay an an =| a= 0 al=c
as axn axn Bl B~ 0

In the above, each value of the coefficient matrix B in (6) is all set b; = 1 so as the
equilibrium price to be p* = (B/y, p/a, 1). And the endowment matrix of all types is

also set

w1 W12 O13 0y o0
w = w21 W2 W23 = 00 «a
W31 O3 033 B 0O

When the rate of change of prices is assumed to be proportionate to the market excess

demands, it can be represented by the following differential equation

11 Py (0 = Ex(p) = f(p,m2) + fis(p,m3) -y
P2 () = E2(p) = fu(p,m) + fs(p,m3) — a

where m, = B, my = p1y, m3 = poa. We want to consider whether or not (11) can be
stable. To do so let take Jacobian of (11) evaluated around the equilibrium p* = (B/y,
Bla, 1);

-0.13 0.38
Jp*) = .
") [ ~0.13 -0.50 }

The eigen values of J(p*) are (—0.31 + 0.114, —0.31 — 0. 11#), which implies (11) is
locally stable. Since a price adjustment process (11) converge to equilibrium, (11) can
find equilibrium by using public price in central market. However as is seen in this

section, a complex trading method we assume seems to fail to find an equilibrium.
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4. Final Remarks

A bilateral exchange method with agent based simulation proposed by Gintis may be
stimulating for the further researches, in particular, (i) the relationship between
tatonnement and non-tatonnement process (See Hahn and Negishi (1962)) and various
decentralized markets such as double auction markets, and (i) the relationship between
Gintis type bilateral exchange method and other type bilateral exchange (for example, see
Foley (1994)) and etc.

However, unfortunately, as is seen in this paper, this Gintis’ method does not
necessarily guarantee to discover equilibrium price contrary to Gintis’ assertion, what are
the main sources to bring about this non-convergence phenomenon? One reason may be
clarified in Section 2.

At the starting period the private prices of all agents may be considered to be fairly
uniformly distributed, and according to the proceed of periods, some of private price will
disappear gradually by the imitation process we suppose, and if some private price that is
given initially disappeared through trading process, such a price would never appear
again. Therefore if some price very close to the equilibrium price disappears, such a price
can not be restored to possible agent price since then. This may be due to the fact that
Gintis method does not take a new creation process of prices into consideration. In order
to improve this defection and obtain the stable function of bilateral exchange market, we

have to adopt a fairly new method which will be different from Gintis.
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