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Which Does City Size Distribution Depend on,
the Rank-Size Rule or
the Lognormal Distribution Model?

Takashi INOUE*

Abstract

Models that attempt to describe patterns of city size distribution are classi-
fied largely into two types, i.e., the rank-size rule and the lognormal distribu-
tion model. Although the logical consistency of the both models had not been
sufficiently discussed until 1980s, the author proved in 1998 that the both
models are not mathematically compatible with each other and proposed the
following hypothesis: urban population by cluster depends on the rank-size
rule; urban population by municipality depends on the lognormal distribution
model. The purpose of this paper is to examine the hypothesis.

Data of two kinds of urban population were calculated using small area
population statistics of Japan census 2005 and GIS, and then the above two
models were applied to those data. As a result of this application, we have
found that urban population by cluster fits almost completely into the rank-size
rule and that urban population by municipality has a relatively high possibility
of fitting into the lognormal distribution model.

1. Introduction

As is well known, city size distribution shows almost stable equilibrium in
many countries or regions”. Models that attempt to describe patterns of such
distribution are classified largely into two types: one is the rank-size rule that
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1) Okabe (1979; 1980), Haag and Weidlich (1984), Sheppard (1985), Tabuchi (1986) and others
have strictly discussed some conditions that city size distribution reaches stable equilibrium.
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refers to the relationship between rank and size of urban population; the other
is the lognormal distribution model that formulates frequency distribution of
urban population.

The former model, the rank-size rule means that the size of urban population
and its rank depend on Pareto distribution (Suzuki, 1980, pp. 371-372). Pareto
distribution introduced by Pareto at the end of 19th century is well-known as a
model illustrating income distribution. The size of urban population and its
rank show a log-linear relationship if these depend on Pareto distribution.
Auerbach (1913) focused first on the log-linear relationship and Zipf (1949)
formulated the relationship as a law (Suzuki, 1985, pp. 55-60; Morikawa,
1990, pp. 110-112; Hayashi, 1991, pp. 62-70; Reed, 2002; Soo, 2005). As
mentioned later, it has been confirmed that the law holds for many countries/
regions although there are differences in goodness-of-fit.

The latter model, the lognormal distribution model giving a lognormal shape
to frequency distribution of urban population was proposed first by Gibrat
(1931). Thereafter relatively few studies have applied the model to regional
population (e.g., Eeckhout, 2004), although many studies have applied it to
several phenomena such as size distribution of firms and individual distribu-
tion of animals (Crow and Shimizu, 1988).

Few studies had referred to the relationship between the both models until
1980s. Beckmann (1958) considered the models to be the starting point of a
discussion on city size distribution. Nevertheless he did not mention the rela-
tionship between them. Berry (1961) suggested that the rank-size rule holds for
city size distribution if the distribution shows a “truncated” lognormal shape
(Suzuki, 1980, pp. 389-390). Shinozaki (1951) and Parr and Suzuki (1973)
indicated that the models are approximately consistent with each other under a
condition. Before those studies, however, Lotka (1941) insisted that the rank-
size rule should be derived from one of Pearson distribution models, which are
formulas different from the lognormal distribution model?.

As mentioned above, although the rank-size rule and the lognormal distribu-
tion model are considered to be basic models on city size distribution, the logi-
cal consistency of the both models had not been sufficiently discussed until
1980s. Inoue (1998), however, proved that the both models are not mathemati-
cally compatible with each other®. Furthermore the author proposed the fol-
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lowing hypothesis as a solution for such incompatibility: urban population by
cluster, which means a population agglomeration area demarcated irrespective
of municipal boundary, fits into the rank-size rule; urban population by munic-
ipality fits into the lognormal distribution model. The purpose of this paper is
to examine the above Inoue’s hypothesis.

We calculate the above two kinds of urban population using small area pop-
ulation statistics of Japan census 2005 and GIS. GIS technique is largely
required for calculation of the population, especially urban population by clus-
ter. As far as the author knows, no previous studies on city size distribution
have dealt with population data like urban population by cluster.

This paper reconsiders the study of Inoue (1998) in Chapter 2, examines
Inoue’s hypothesis in Chapter 3, and describes conclusion in Chapter 4.

2. The Consistency of two Models on City Size Distribution

2-1. Formulas of two Models

This section introduces formulas of the two models and results of studies on
them.

2-1-1. The Rank-Size Rule
The rank-size rule formulated by Zipf (1949) is shown in the following
equation:

p=kre (1)

Here p indicates population size of a city whose rank is the rth place; a and &
are parameters. In general, k denotes population size of a primate city. By tak-
ing logarithm of both sides of equation (1) and replacing log k with b, we get
equation (2).

2) The Pearson-type family of distributions means the probability density function f{x) satisfy-
ing the following differential equation and is classified into twelve types according to several
conditions:

d4fx) _ x+a)fx)
dx bx*+cx+d
Here a, b, ¢ and d are parameters. Lotka (1941) insisted that the rank-size rule is derived from
the sixth or eleventh type of the above family.

3) The compatibility/incompatibility between the both models has been actively discussed

since 1990s (e.g., Reed and Jorgensen, 2005; Giesen et al., 2010)
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logp = —alogr+b 2

This equation enables us to understand that there is a linear relationship
between log p and log r. Parameter a means a slope of the line and decreases
with population dispersion. Simon (1955) indicated that the model is applied to
not only city size distribution but also several phenomena treated in ecology,
biology and economics. Furthermore, many geographical studies have showed
that the model holds for many countries/regions (Isard, 1956; Stewart, 1958;
Berry and Garrison, 1958; Berry, 1961; Clark, 1967; Kohsaka, 1978; Suzuki,
1981, 1982; Kitagawa, 1985; Kawabe et al., 1988; Kojima and Hataya, 1995).

2-1-2. The Lognormal Distribution Model

Suppose that logarithm g(= log p) of population size p satisfies a normal dis-
tribution N(u, 0), i.e., ¢ depends on the probability density function (3), the
city size distribution becomes a lognormal distribution.

Y
8(g) = \/2170 eXp{— (qmﬁt) } ©)

Consequently, the probability density function of population size p is expressed
as follows (Crow and Shimizu, 1988, pp. 2-3):

f©) = 5= exp {— (oe 2 240 } (»>0), )
f@ =0 (P <0).

The lognormal distribution is actually defined in the range of p > 0, and
skewed left unlike a normal distribution (Crow and Shimizu, 1988, pp. 1-12).
Berry (1961) did not show the formula of a “truncated” lognormal distribution
on which he insisted, however the probability density function of the distribu-
tion can be expressed on the analogy of equation (4). For non-negative con-
stant p,, the function is given by
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log p— wp?| [~ log p —py’
) = %eXP{—%&}/LO%eXp{—%&}dP Pzpy). (5)

f) =0 (p<py.

Constant p, indicates a point where the function is truncated.

Gibrat (1931) insisted that the lognormal distribution model was valuable by
applying it to population of metropolitan areas in Europa. Furthermore he the-
oretically considered the reason why metropolitan population was suited to the
model (Suzuki, 1985, pp. 11-18). Nevertheless since he insisted, relatively few
studies have applied it to regional population except for Suzuki’s papers apply-
ing it to population density by region (Suzuki, 1960a, 1960b, 1978).

2-2. Examination of the Mathematical Consistency of two Models

To examine the mathematical consistency between the two models, this sec-
tion derives the probability density function g(g) of logarithm g of population
size p from the formula of the rank-size rule. The fact that the function shows
frequency distribution of city size enables us to examine the consistency by
comparing it with the lognormal distribution model. This section attempts to
investigate variation of the function before deriving it.

2-2-1. Investigation of Variation of Probability Density Function

If city size distribution is suitable for the rank-size rule, what type of varia-
tion does the probability density function g(g) show? First, to find a solution to
the question, we transform equation (2) into a formula using variable g and
make r the subject of the formula:

b-q
—|

r = exp

(6)

Since variable g is defined in the non-negative range, the range of rank r is
given by [1, exp(b/a)].

Secondly let Ag be a positive and adequately small constant, and let n(q) be
the number of cities such that logarithm g is included in an interval, equation
(6) leads to the following formula:
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b-q
- (7)

n(g) = exp| | - exp

a

b—q—Aq}

Consequently, for two real numbers ¢, and g, on variable g and for an arbi-
trary positive constant Ag, the following formula holds.

n(g) - n(g,) = exp(bla){exp(~q,/a) - exp(~q /a)}{1 - exp(-Ag/a)} <O
®)

Furthermore, suppose that the probability density function g(g) satisfies
g(g,) < g(g,) for a pair of real numbers g, and g, (g, < q,), a positive constant
Agq satisfying an inequality n(q,) < n(g,) exists necessarily. This inequality,
however, is contradictory to inequality (8). Therefore for a pair of real num-
bers g, and g, (¢, < g,), the following inequality holds:

g(q) = g(q,). ©)]

Inequality (9) means that the probability density function g(g) decreases mono-
tonically with variable g increasing. On the other hand, it is obvious that equa-
tion (3), i.e., a normal distribution, does not draw a monotonically decreasing
curve. Therefore variable p does not depend on any lognormal distribution
(equation (4)). As a result, it is examined that there is no mathematical consis-
tency between the rank-size rule and the lognormal distribution model.

2-2-2. Derivation of Probability Density Function

The number of all target cities of the rank-size rule is given by {exp(b/a) -
1} since the number is equivalent to the length of the range of rank r in equa-
tion (6). Accordingly the proportion of frequency n(q) (equation (7)) to {exp(b/
a) — 1} expresses probability of extracting cities included in an interval [g,
g+ Aq] from all ones. Hence if Aq approaches zero unlimitedly, the proportion
equals g(q) 4q and equation (7) leads to the following formula:
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- n(q)
8@) = lim o Bla)— 13 Aq

b-q

—exp b—qai—élq]} (10)

1
= W 4¢-0 Aq {exp

Necessarily equation (10) holds for the range of ¢ in equation (6), i.e., [0, b],
and g(q) equals zero in the range less than zero or more than b.

As aresult, a formula (equation (11)) of the probability density function g(q)
is derived from equation (10).

_ exp{(b—q)a}

8@ = a{exp(bla) — 1} O=g=b), an

g(@ =0 (g<0 or b<g).

Equation (11) shows that variable g depends on a negative exponential distri-
bution and that ¢ does not satisfy a normal distribution (equation (3)). There-
fore, we conclude again that there is no mathematical consistency between the
rank-size rule and the lognormal distribution model.

However, if the left side of a normal distribution curve is largely truncated,
the distribution obviously approximates that of negative exponential according
to the rightward shift of a truncated point. Consequently if logarithm g draws
such a “truncated” curve, in other words, if population size p satisfies equation
(5) for an adequately large constant p, p is likely to depend on the rank-size
rule. Parr and Suzuki (1973) examined to what extent distribution of p was
suitable for the rank-size rule under the above conditions using numerical sim-
ulation. Shinozaki (1951) also made almost the same argument without simu-
lation.

Incidentally, we can obtain the cumulative distribution function of g from
equation (11) by integrating it, or directly from equation (7). The number of
cities included in an interval [0, g] is shown in [exp(b/a) — exp{(b—q)/a}] using
equation (7), so that the proportion G(g) of [exp(b/a) — exp{(b—q)/a}] to the
number of all cities is given by

_ exp(bla) — exp{(b - Day
Glg) = exp(bla) - 1 (12)
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The cumulative distribution function is equivalent to the proportion G(q). Here
both of G(0) =0 and G(b) = 1 hold.

2-3. Derivation of Hypothesis

The preceding section led to the fact that population size p depends on the
rank-size rule if satisfying a “truncated” lognormal distribution in the range
more than an adequately large constant p,. We can derive the following new
findings from the above fact: in general, city size distribution fits into the log-
normal distribution model and furthermore fits into the rank-size rule if limited
to large cities. Inoue (1998) developed the findings into the above-mentioned
hypothesis, which is written as follows: urban population by cluster is suitable
for the rank-size rule; urban population by municipality is suitable for the log-
normal distribution model.

The reason for inferring the latter part of the hypothesis is that the lognor-
mal distribution model was reported to be well applied to prefectural popula-
tion in Japan and state population in U.S. (Suzuki, 1960a, 1960b, 1978). On the
other hand, the reason for inferring the former part is described below. If popu-
lation by municipality, which we can ordinarily obtain, satisfies the lognormal
distribution model, it satisfies the rank-size rule only regarding large cities.
This is because the number of small-size municipalities is much insufficient to
account for the rank-size rule. The number of population clusters, however,
increases steeply with reduction of its size since there are many small-size
ones in a municipality. As a result, the former part of hypothesis is strongly
inferred.

3. Application of Two Models
This chapter examines the Inoue’s hypothesis by applying the two models to
two kinds of urban population data.

3-1. Data

This section explains how to calculate the data. First, we extract high-den-
sity areas from small area population statistics of Japan census 2005. The
small area treated in this study means so-called chocho-aza that is much
smaller than a municipality such as city, town and village, and that is larger
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Table I Basic Statistics on Common Logarithms of Urban Population

population data n mean |variance| max min |skewness| kurtosis
1,000 persons / km?| 4,862 | 3.057 | 0.553 | 7.486 | 2.000 1.004 | 4.228
2,000 persons / km?| 5229 | 3.046 | 0.514 | 7452 | 2.000 | 0.988 | 4.229
4,000 persons / km?| 6,047 | 2995 | 0424 | 7.396 | 2.000 | 1.052 | 4.781
1,000 persons / km?| 1,860 | 4.133 | 0.648 | 5925 | 2.013 | -0.136 | 2.315
2,000 persons / km?| 1,652 | 4078 | 0.748 | 5925 | 2.000 | —0.153 | 2.169
4,000 persons / km?| 1,380 | 3.996 | 0.879 | 5.923 | 2.000 | —0.137 | 2.009

population by
cluster

population by
municipality

than a census enumeration district. We adopt the following three density crite-
ria to extract high-density areas: 1,000, 2,000, and 4,000 persons per square
kilometers. The highest density criterion corresponds to that of Density Inhab-
ited District (DID), which is a statistical area introduced in 1960 to demarcate
actually urbanized areas.

Secondly, urban population by cluster is calculated. The population is
defined as that of a population agglomeration area that consists of adjoining
high-density small areas and that is demarcated irrespective of municipal
boundary. We calculate the population by adding up that of extracted small
areas using GIS.

Thirdly population by municipality is calculated. The population is defined
as the total population of high-density small areas located at the same munici-
pality. We calculate the population by adding up that of extracted small areas
using GIS in similar to population by cluster.

Thus we can obtain two kinds of urban population from three sets of popu-
lation data of high-density small areas, and consequently we gain six sets of
urban population data. Table 1 shows basic statistics on common logarithm of
urban population. The reason why the minimums in Table 1 conform to almost
the same value of 2.0 is that we set those of population 100 to remove clusters/
municipalities whose population was extremely small from analysis®. Regard-
ing population by cluster, data size n increases with increase of density crite-
rion; whereas regarding population by municipality, n decreases with increase

4) As for population by municipality (1,000 persons / km?), the reason why the minimum of
logarithm is slightly larger than 2.0 is that the minimum population does not equal to 100.

— 9 _



The Aoyama Journal of Economics, Vol. 64 No. 3

of density criterion. This is because, with increase of the criterion, clusters
were fractionated and municipalities including high-density small areas were
reduced.

3-2. Application of the Rank-Size Rule

This section makes scatter diagrams between common logarithm of rank and
population size before statistical analysis. If urban population satisfies the
rank-size rule, the diagrams should draw a straight line. Figures 1,2 and 3 are
scatter diagrams between common logarithm of rank and population by cluster.
All of these diagrams show an almost straight line similar with each other
except for the difference of horizontal positions of the right ends. This sug-
gests that population by cluster almost entirely satisfies the rank-size rule. Fig-
ures 4, 5 and 6 are scatter diagrams between common logarithm of rank and
population by municipality. All of these diagrams show an almost straight line
in the range where logarithm of population is over 5.0, whereas show a steeply
declining curve in the range under 5.0. These curves are similar with each
other except for the difference of horizontal positions of the right ends. This
suggests that population by municipality does not well satisfies the rank-size
rule.

Figure 1 Double Logarithmic Graph of Rank and Population by Cluster
(density criterion: 1,000 persons / km?)
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Figure 2 Double Logarithmic Graph of Rank and Population by Cluster
(density criterion: 2,000 persons / km?)
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Figure 3 Double Logarithmic Graph of Rank and Population by Cluster
(density criterion: 4,000 persons / km?2)
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Figure 4 Double Logarithmic Graph of Rank and Population by Municipality
(density criterion: 1,000 persons / km?)
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Figure 5 Double Logarithmic Graph of Rank and Population by Municipality
(density criterion: 2,000 persons / km?)
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Figure 6 Double Logarithmic Graph of Rank and Population by Municipality

(density criterion: 4,000 persons / km?)
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Table 2 Goodness-of-Fit of Regression Formulas

population data r adjusted R?

1,000 persons / km? -0.9794 0.9592

populationby | 5 0 bercons /km? | —0.9784 09572
cluster

4,000 persons / km? -0.9794 0.9592

1,000 persons / km? -0.8765 0.7681
population by |, 0 o cons /km? | -0.8696 07561
municipality

4,000 persons / km? —-0.8647 0.7476

We measured goodness-of-fit of the rank-size rule using regression analysis
and show results of the analysis in Table 2. Here r indicates a coefficient of
correlation. According to Table 2, population by cluster represents very high
R-square values; nevertheless population by municipality represents relatively
low R-square values. Hence we can conclude that urban population by cluster
fits almost completely into the rank-size rule.
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3-3. Application of the Lognormal Distribution Model

This section makes histograms of logarithm of population size before statis-
tical analysis. If urban population satisfies the lognormal distribution model,
the histograms should draw a symmetric and bell-shaped curve of a normal
distribution. Figures 7, 8 and 9 are histograms of logarithm of population by
cluster. Since all of these histograms show a distinctly left-skewed distribution,
it is clear that population by cluster does not depend on the lognormal distribu-
tion model. Figures 10, 11 and 12 are histograms of logarithm of population by
municipality. In contrast to the above three figures, skewness is scarcely found
in these histograms and week kurtosis is found except for the case of 4,000
persons / km?.

As regards skewness and kurtosis measured on distribution of urban popula-
tion, Table 1 gives us more precise values. If the distribution of common loga-
rithm of urban population thoroughly conforms to a normal distribution, the
coefficients of skewness and kurtosis become zero and 3.0 respectively. As
shown in Table 1, the skewness of population by municipality approaches
zero; whereas population by cluster deviates from zero. The kurtosis of popu-

Figure 7 Histogram of Logarithm of Population by Cluster
(density criterion: 1,000 persons / km?)
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Figure 8 Histogram of Logarithm of Population by Cluster
(density criterion: 2,000 persons / km?)
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Figure 9 Histogram of Logarithm of Population by Cluster
(density criterion: 4,000 persons / km?)
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Figure 10 Histogram of Logarithm of Population by Municipality
(density criterion: 1,000 persons / km?)
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Figure 11 Histogram of Logarithm of Population by Municipality
(density criterion: 2,000 persons / km?)
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Figure 12 Histogram of Logarithm of Population by Municipality
(density criterion: 4,000 persons / km?)
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lation by municipality is, especially in the case of 1,000 persons / km?, closer
to 3.0 than that of population by cluster.

Furthermore, we set three kinds of normality tests, i.e., skewness test, kurto-
sis test and Kolmogorov-Smirnov test. The null hypotheses of these three tests
are described as follows: the coefficient of skewness equals zero; that of kurto-
sis equals 3.0; and the target distribution corresponds to a normal distribution,
respectively. Table 3 shows results of the former two tests of them. According
to two-sided p-values in Table 3, the null hypothesis of skewness was accepted
with significant level of 0.01 for three sets of data of population by municipal-
ity; that of kurtosis was accepted with significant level of 0.01 only for one set
of data of population by municipality. As a result of the Kolmogorov-Smirnov
test, the null hypothesis was rejected for all the six sets of data. Those results
of tests permit us to conclude that urban population by municipality has a rela-
tively high possibility of fitting into the lognormal distribution model.

4. Conclusion
The purpose of this paper is to examine the hypothesis proposed by the
author in 1998. The hypothesis is written as follows: urban population by clus-
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Table 3 Results of Normality Test

skewness test kurtosis test
population data . . two-sided one-sided . . two-sided one-sided
z-statistic Z-statistic
p-value p-value p-value  p-value
5 R
population 1,000 persons / km?| 7.2994  0.0000 0.0000 incalculable
by 2,000 persons / km?| 7.3404  0.0000  0.0000 incalculable

cluster | 4 00 persons /km?| 7.0181 00000  0.0000 | 12.4608 0.0000 0.0000
population | 1200 persons /km?| 22850 00223 00112 | 22773 00228 00114

by  |2.000 persons/km?| 2.3878 00170 00085 | 28374 00045 00023
municipality| 4 600 persons / km?| 20269 00427 00213 | 30873 00020 0.0010

ter is suitable for the rank-size rule; urban population by municipality is suit-

able for the lognormal distribution model. This paper calculated these two

kinds of urban population using small area population statistics of Japan cen-
sus 2005 and GIS, and then applied the above two models to the urban popula-
tion.

Regression analysis and three kinds of normality tests were made to mea-
sure goodness-of-fit of the rank-size rule and the lognormal distribution model,
respectively. The results of these statistical analyses are summarized as fol-
lows:

1) In regression analysis, population by cluster represents very high R-square
values; population by municipality represents relatively low R-square val-
ues.

2) In normality tests, the null hypothesis of skewness was accepted for popu-
lation by municipality; the null hypothesis of kurtosis was accepted par-
tially for population by municipality; As regards the Kolmogorov-
Smirnov test, the null hypothesis was rejected for both of two kinds of
urban population.

These results allow us to conclude that population by cluster fits almost com-

pletely into the rank-size rule and that population by municipality has a rela-

tively high possibility of fitting into the lognormal distribution model. There-
fore this paper has nearly proved the hypothesis proposed by the author.
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